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Abstract 
This paper presents the arguments for the efficiency of the Finite Element Method in the form of the classical mixed method 
being developed by the authors. The example of a bended plate shows that the system of governing equations of the FEM in this 
form has the same order as the system of equations of the FEM in displacements. The analysis algorithm is similar to that of the 
analysis by the FEM in displacements. Since the primary unknowns include both displacements and forces, the analysis returns 
the values of nodal deflections and bending moments. Test example illustrates good convergence of the numerical results to the 
exact solution. The further development of this form of the FEM as an alternative to the FEM in displacements is recommended. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction 
Efficient formulations of the Finite Element Method in the mixed formulations (hybrid, mixed, etc.) have become 
widespread [1]-[8]. Review and classification of existing formulations of the FEM are presented in the papers [9]-
[14]. 
The main drawback of these formulations is considered to be the significant increase in the number of unknowns 
and, respectively, in the order of the system of governing equations. Another shortcoming is the fact that the matrix 
of the coefficients of the system of governing equations is not positive definite, and therefore is poorly conditioned. 
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The ways of overcoming the problem of not positive definite matrices corresponding to the formulation of mixed 
method are shown in the paper [15].  
This paper demonstrates the efficiency of the FEM in the form of the classical mixed method developed by the 
authors [2]. 
The algorithm for the flexural analysis of plates based on this form of the FEM and specific calculation examples 
are presented in the papers [2], and [15] to [18]. 
One of these examples is used in this paper to determine the number of unknowns in the system of governing 
equations of the FEM in the mixed form, and the order of this system in comparison with the system of equations of 
the FEM in the form of displacement method. 
2. Construction of the system of governing equations 
The primary system of the mixed method for the rectangular finite element of the bended plate with rectangular 
finite element mesh (Figure 1a) is shown in the Figure 1b. Linear displacements of the nodes in the Z-axis direction 
(deflections) and the nodal values of bending moments Mx and My are taken as primary unknowns, which gives three 
unknowns at each node of the finite element: 
1 2 3 4, , ,q q q q  - linear displacements of nodes 1, 2, 3, and 4 (kinematic unknowns), 
5 ,1 6 ,1 11 ,4 12 ,4, , , ,x y x yq M q M q M q M       !  - nodal bending moments (static unknowns). 
Positive directions of the unknown displacements and forces are shown in Figure 1 according to the sign 
convention adopted in the theory of elasticity and structural mechanics. 
 
 
Fig. 1. (a) bended plate with rectangular finite element mesh; (b) primary system of the mixed method for the rectangular finite element. 
The response matrix in the FEM in the form of the classical mixed method is the analogue of the stiffness matrix 
– the basic concept of the FEM in the form of the classical displacement method. The algorithm for finding the 
coefficients of this matrix and the response vector of the finite element for the load action is described in the 
previous paper of the authors [2]. 
Figure 2 shows an arbitrary node ij and the elements meeting at this node with the numbers of the unknowns at 
the node. 
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Fig. 2. arbitrary node ij of the bended plate with rectangular finite element mesh. 
Template (standard) governing equations for an arbitrary node ij can be written in the following form: 
, , , ,
, , , ,
, , , , ,1. 0,
2. ) 0, 3. ) 0,
) 0, ) 0.
i j i j i j i j
i j i j i j i j
I II III IV
i j i j i j i j i j
I II I IV
y y x x
III IV II III
y y x x
R R R R R
a a
b b
M M M M
M M M M
     
    
    
   (1) 
Equations 1 are the equations of equilibrium, and equations 2 and 3 are the compatibility conditions for the 
displacements of finite elements (rotation angles of their sections at node ij about the axes ox and oy respectively).  
The expanded form of these equations has the following form: 
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Herein ,s tr  and ,i jG  are the coefficients of the response matrix; ,s Pr  and ,i PG  are the coefficients of the action 
vector. 
The superscripts I, II, III, and IV of the terms in the parentheses, denote that the term belongs to the respective 
finite element (Figure 2). 
Figure 3 shows the nodal bending moments (principal unknowns) acting in the respective finite elements. 
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Fig. 3. (a) nodal bending moments My; (b) nodal bending moments Mx. 
It follows from the equilibrium conditions that: 
5 7 9 11 6 8 10 12, .
I II III IV I II III IVq q q q q q q q                 (3) 
From the conditions of compatibility of displacements: 
1 2 3 4 .
I II III IVq q q q      (4) 
With respect to conditions (3) and (4) the system of equations (2) is reduced to three equations with three 
unknowns. This means that the global response matrix and action vector for the structure can be constructed by the 
methods and algorithms similar to those used for constructing global stiffness matrix and force vector. This 
approach is presented in detail in the paper [19] with the example of bar system. 
The order of the global system of governing equations (2) of the FEM in the form of the classical mixed method 
coincides with the order of the system of governing equations of the FEM in displacements. However, the advantage 
of the system of equations (2) is that its solution gives both deflections and forces (moments) in the nodes of the 
finite element mesh. 
3. Test example 
A square plate, simply supported along the perimeter and subjected to the uniformly distributed transverse load 
was chosen as test example [20]. Transverse displacement and bending moments Mx, My  at the center of the plate 
were calculated. 
Initial conditions of the problem: 
E = 1.092·107 Pa – modulus of elasticity; 
ȝ = 0.3 – Poisson’s ratio; 
h = 0.01 m – thickness of the plate; 
a = 1.0 m – side length of the plate along the X-axis of the global coordinate system; 
b = 1.0 m - side length of the plate along the Y-axis of the global coordinate system; 
P = 1.0 N/m2 – value of the transverse uniformly distributed load. 
The analytical solution of the problem was found, giving the following formulations for transverse displacement 
Z and bending moments Mx, My at the center of the plate: 
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The results of the numerical analysis for different finite element meshes illustrating convergence to the exact 
solution are presented in Table 1. 
Table 1. Comparison of the analysis results for the square plate, simply supported along the edges. 
 2ɯ2 4ɯ4 6ɯ6 8ɯ8 10ɯ10 16ɯ16 accuracy 
FEM in the form of classical mixed method 
w max 0,0038998 0,0041093 0,0040872 0,004077 0,0040719 0,0040662 0,004062 
Error with respect to exact 
solution (%) 
4 -1,2 -0,6 -0,37 -0,24 -0,1  
Mx max= My max 0,0552538 0,049216 0,0484335 0,048188 0,0480774 0,0479603 0,04789 
Error with respect to exact 
solution (%) 
-15,4 -2,8 -1,13 -0,62 -0,39 -0,15  
Software Complex LIRA-SAPR 
w max 0,00505 0,00432 0,00417 0,00412 0,0041 0,00407 0,004062 
Error with respect to exact 
solution (%) 
-24,3 -6,35 -2,66 -1,43 -0,94 -0,2  
Mx max = My max 0,025996 0,041836 0,04519 0,04637 0,046916 0,047507 0,04789 
Error with respect to exact 
solution (%) 
45,7 12,64 5,6 3,17 2,03 0,8  
4. Conclusions 
1. The global response matrix and action vector for the structure can be constructed by the methods and 
algorithms similar to those used for constructing global stiffness matrix and force vector. 
2. Solution of the global system of governing equation of the FEM in the form of the classical mixed method 
gives the values of the deflections as well as the values of forces (moments) at the nodes of the finite element mesh. 
3. Test example demonstrated better convergence of the solution obtained by the FEM in the form of the classical 
mixed method as compared to the solution by the traditional FEM in displacements. 
4. The FEM in the form of the classical mixed method when developed further can be considered as an 
alternative to the FEM in the form of the displacement method. 
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